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Abstract: Let 𝛺 be any non-empty open subset of ℝௗ, In this paper we generalise the 
following result of [1] for any divergence free smooth vector field 𝑉 on ℝௗ . 
Let 𝑓 ∈ 𝐶ଵ(𝛺) and 𝑣 be any unit vector of 𝑅ௗ, 𝐵 ⊆ 𝛺 open subset of 𝑅ௗ such that 𝐵 ⊆
𝛺. Let 
 𝐵ఌ = {𝑥 + 𝜀𝑣|𝑥 ∈ 𝐵} and n is the outward unit normal field of 𝛺 on 𝜕𝛺. Then  

𝑙𝑖𝑚
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ቆන 𝑓ଶ
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𝑑𝑥 − න 𝑓ଶ
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𝑑𝑥ቇ = න 𝑓ଶ

డఆ

< 𝑣, 𝑛 > 𝑑𝑠 
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1. Introduction 
 
Let 𝛺 be any open non empty subset of 𝑅ௗ , 𝑢 ∈ 𝐻ଶ(𝐷) and 𝑉 be a divergence free 
vector field associated with a 1-parameter group of diffeomorphisms of 𝑅ௗ. Now we would 
like to prove the result of [1] mentioned in the abstract for the vector field 𝑉.  
 

2. Statement of the Main Result 
  

Theorem 2.1  Let 𝛺  be a domain in 𝑅ௗ . Let {𝜓௧}௧∈ோ  be 1-parameter group of 
diffeomorphisms of 𝑅ௗ associated with a divergence free vector field 𝑉.  
Let 𝛺௧ = 𝜓௧(𝛺), (𝑡 ∈ 𝑅). Then for any 𝑢 ∈ 𝐻ଶ(𝐷),  
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where 𝑛 denotes the outward unit normal field of the domain 𝛺 on its boundary 𝜕𝛺.  
 

3. Preliminaries 
 
Let 𝛺 be any open non empty subset of 𝑅ௗ. 𝑝 ≥ 1 be any real number and 𝐿௣(𝛺) class 
of all real valued measurable functions defined on 𝛺 for which ∫ |𝑢(𝑥)|௣

ఆ
𝑑𝑥 < 0. Let 

𝐷(Ω) denote the collection of all real valued smooth functions defined on 𝛺 having their 
compact support in 𝛺. 

 
Definition 3.1 
 
For 𝛽 = (𝛽ଵ, 𝛽ଶ, ⋯ , 𝛽ௗ) ∈ (𝑍ା)ௗ, we put |𝛽| = 𝛽ଵ + 𝛽ଶ + ⋯ + 𝛽ௗ and set  

𝐷ఉ = 𝐷ଵ
ఉభ𝐷ଶ

ఉమ ⋯ 𝐷ௗ
ఉ೏ . A function 𝑣 ∈ Łଶ(𝛺)  is said to be an ‘ 𝛽  -th weak partial 

derivative’ of 𝑢 ∈ Łଶ(𝛺) if  

න 𝑢𝐷ஒ

ఆ

 𝑑𝑥 = (−1)|ఉ| න 𝑣\𝑣𝑎𝑟𝑝ℎ𝑖
ఆ

 𝑑𝑥  ∀𝜑 ∈ 𝐷(𝛺). 
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The 𝛽 -th weak partial derivative of 𝑢, when exists, is denoted by 𝜕ఉ𝑢. 

 
  

Definition 3.2  
 
For each 𝑘 ∈ 𝑁, we define Sobolev space 𝐻௞,௣(𝛺) by  

𝐻௞,௣(𝛺) = {𝑢 ∈ 𝐿௣(𝛺)|𝜕ఉ𝑢 ∈ 𝐿௣(𝛺)𝑓𝑜𝑟|𝛽| ≤ 𝑘} 
 For 𝑢 ∈ 𝐻௞,௣(𝛺), the Sobolev norm of 𝑢 is given by  

||𝑢||ுೖ,೛ = ቌ ෍ ቚห∂ஒ𝑢หቚ
௅೛(ஐ)

௣

|ఉ|ஸ௞

ቍ

ଵ
௣

 

 
When 𝑝 = 2, we denote 𝐻௞,௣(𝛺) by 𝐻௞(𝛺). The closure of 𝐷(𝛺) in 𝐻௞(𝛺) is denoted 
by 𝐻଴

௞(𝛺). 
 

Definition 3.3  
 
Let  𝑭(𝑥) = (𝑓ଵ(𝑥), 𝑓ଶ(𝑥), ⋯ , 𝑓ௗ(𝑥))  be a smooth vector field defined on a bounded 
domain 𝛺 in 𝑅ௗ. Then the divergence 𝑑𝑖𝑣𝑭 of the vector field 𝑭 is the function defined 
on 𝛺 by 
  

(𝑑𝑖𝑣𝑭)(𝑥) = ෍
∂𝑓௝

∂𝑥௝

(𝑥)

ௗ

௝ୀଵ

,   (𝑥 ∈ 𝛺). 

𝑭 is said be a divergence free vector field on a domain 𝛺, if 𝑑𝑖𝑣𝑭(𝑥) = 0 ∀ 𝑥 ∈ 𝛺 
 

4. Some Required Results  
  

Lemma 4.1   
 
Let 𝛺 be a non-empty open subset of 𝑅ௗ and let 𝑢 ∈ 𝐻ଶ(𝛺). Then 𝑢ଶ ∈ 𝐻ଵ,ଵ(𝛺)  
 
Proof:  
∫ 𝑢ଶ

ఆ
𝑑𝑥 = ||𝑢ଶ||௅భ(ఆ) < ∞𝑢ଶ ∈ 𝐿ଵ(𝛺)  (1) 

  

∴ න ቤ
∂𝑢ଶ

∂𝑥௜
ቤ

ఆ

𝑑𝑥 = 2 න ฬ𝑢
∂𝑢

∂𝑥௜
ฬ

ఆ

𝑑𝑥 

≤ 2||𝑢||௅మ(ఆ)||
𝜕𝑢

𝜕𝑥௜
||௅మ(ఆ) 

≤ 2||𝑢||ுమ(ఆ)
ଶ < ∞. 

  

∴
డ௨మ

డ௫೔
∈ 𝐿ଵ(𝛺)∀𝑖 = 1,2, ⋯ , 𝑑.  (2) 

 From (1) and (2), 𝑢ଶ ∈ 𝐻ଵ,ଵ(𝛺). 
 
Lemma 4.2   
 
Let {𝜓௧}௧∈ோ  be the 1-parameter group of diffeomorphisms of 𝑅ௗ  associated with the 
vector field 𝑉. Let 𝑗௧(𝑥) = 𝑑𝑒𝑡(𝐷𝜓௧(𝑥)). Then 𝑗௧

′ (𝑥)|௧ୀ଴ = 𝑑𝑖𝑣𝑉(𝑥).  
 
Proof: 
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𝑗௧(𝑥) = 𝑑𝑒𝑡(𝐷𝜓௧(𝑥)) 

𝑉(𝑥) = (𝑣ଵ(𝑥), 𝑣ଶ(𝑥), ⋯ , 𝑣ௗ(𝑥)) 

𝜓௧(𝑥) = 𝑥 + 𝑡𝑉(𝑥) + 𝑂ଶ(𝑡) 

 ∴ 𝐷𝜓௧(𝑥) = 𝐼𝑑ௗ×ௗ + 𝑡𝐷𝑉(𝑥) + 𝐻𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠 𝑖𝑛 𝑡 

∴ 𝑗௧(𝑥) = 𝑑𝑒𝑡(𝐼𝑑ௗ×ௗ + 𝑡𝐷𝑉(𝑥) + ⋯ ) 

 

∴ 𝑗௧(𝑥) = 𝑑𝑒𝑡
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∴ 𝑗௧(𝑥) = 𝑑𝑖𝑣𝑉(𝑥). 
 

5. Proof Of Theorem 2.1 
  

Proof: 

𝑑𝑖𝑣(𝑢ଶ𝑉) = ෍
𝜕൫𝑢ଶ𝑣௝൯

𝜕𝑥௝

ௗ

௝ୀଵ

 

    

    

= ∑ ൬𝑢ଶ ப௩ೕ

ப௫ೕ
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ப௨మ

ப௫ೕ
൰ௗ

௝ୀଵ  

 

    

= 𝑢ଶ ∑
ப௩ೕ

ப௫ೕ

ௗ
௝ୀଵ + ∑ 𝑣௝

ப௨మ

ப௫ೕ

ௗ
௝ୀଵ  

 

    = 𝑢ଶ𝑑𝑖𝑣𝑉+< 𝛻𝑢ଶ, 𝑉 > 
 

    =< 𝛻𝑢ଶ, 𝑉 >   (∵ 𝑑𝑖𝑣𝑉 = 0) 
  
∴ 𝑑𝑖𝑣(𝑢ଶ𝑉) =< 𝛻𝑢ଶ , 𝑉 >  (3) 
 
Let 𝑗௧(𝑥): = 𝑑𝑒𝑡(𝐷𝜓௧)(𝑥), (𝑥 ∈ 𝑅ௗ).  Then 𝑗଴(𝑥) = 1  ∀ 𝑥 ∈ 𝑅ௗ  and by lemma 4.2 

𝑗௧ᇲ(𝑥): =
ௗ௝೟

ௗ௧
|௧ୀ଴(𝑥) = 𝑑𝑖𝑣(𝑉(𝑥)).   (4) 

By lemma 4.1 𝑢ଶ ∈ 𝐻ଵ,ଵ(𝛺). By the change of variable formula for integration  
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By Dominated Convergence theorem,  
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= ∫ (𝑢ଶ ∘ 𝜓௧)ᇱ𝑗଴ + 𝑗௧
ᇱ𝑢ଶ ∘ 𝜓଴)𝑑𝑥

ஐ
 (6) 

  
Claim 5.1:  (𝑢ଶ ∘ 𝜓௧)ᇱ|௧ୀ଴ =< 𝛻𝑢ଶ, 𝑉 > almost everywhere on 𝛺.  
 
Proof of claim 5.1: 
 By lemma 4.1 𝑢ଶ ∈ 𝐻ଵ,ଵ(𝛺)  
ௗ

ௗ௧
(𝑢ଶ ∘ 𝜓௧)|௧ୀ଴ = 𝐷𝑢௫

ଶ ቀ
ௗ

ௗ௧
𝜓௧ቁ |௧ୀ଴ (7) 

         

 = 𝐷𝑢௫
ଶ(𝑉(𝑥)) (8) 

         
 =< 𝛻𝑢ଶ, 𝑉 > (𝑥) (9) 

 Hence the claim. 
 

Claim 5.2  
ௗ

ௗ௧
൫(𝑢ଶ ∘ 𝜓௧)𝑗௧൯|௧ୀ଴ =< 𝛻𝑢ଶ, 𝑉 > (𝑥) + 𝑢ଶ(𝑥)𝑑𝑖𝑣൫𝑉(𝑥)൯. 

 
Proof of claim 5.2:  
𝑑

𝑑𝑡
൫(𝑢ଶ ∘ 𝜓௧)𝑗௧൯|௧ୀ଴ 

= 𝑗଴(𝑥)
𝑑

𝑑𝑡
(𝑢ଶ ∘ 𝜓௧)(𝑥)|௧ୀ଴ + (𝑢ଶ ∘ 𝜓଴)(𝑥)

𝑑

𝑑𝑡
𝑗௧(𝑥)|௧ୀ଴ 

=
𝑑

𝑑𝑡
(𝑢ଶ ∘ 𝜓௧)(𝑥)|௧ୀ଴ + 𝑢ଶ𝑗௧

ᇱ(𝑥)|௧ୀ଴  (∵ 𝑗଴(𝑥) = 1) 

  
 Hence by claim 5.1 and lemma 4.2,  

𝑑

𝑑𝑡
൫(𝑢ଶ ∘ 𝜓௧)𝑗௧൯|௧ୀ଴ =< 𝛻𝑢ଶ , 𝑉 > (𝑥) + 𝑢ଶ(𝑥)𝑑𝑖𝑣൫𝑉(𝑥)൯. 

 Thus from claim 5.1 ,claim 5.2 and (3)  

𝑙𝑖𝑚
௧→଴
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𝑡
ቆන 𝑢ଶ

ఆ೟

𝑑𝑥 − න 𝑢ଶ

ఆ

𝑑𝑥ቇ = න < ∇𝑢ଶ, 𝑉 >
ఆ

𝑑𝑥  

 Thus by Gauss Divergence Theorem,  

𝑙𝑖𝑚
௧→଴

1

𝑡
ቆන 𝑢ଶ

ఆ೟

𝑑𝑥 − න 𝑢ଶ

ఆ

𝑑𝑥ቇ = න 𝑢ଶ

డఆ

< 𝑉, 𝑛 > 𝑑𝑠. 

Hence the theorem. 
  

6. Conclusion 
 

The theorem in [1] is true for the general vector field with the suitable assumptions (i.e. 
Divergence free vector field). 
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