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Introduction  

 
The theory of Diophantine equations offers a rich variety of fascinating problems.  
In particular, quintic equations homogeneous or non-homogeneous have aroused 
the interest of numerous mathematicians since antiquity [1-4].  For illustration, 
one may refer [5-10] for quintic equation with five unknowns.  This paper 
concerns with the problems of determining non-trivial integral solutions of the 
non-homogeneous quintic equation with five unknowns given 
by 32244 )(34 Twzyx  .  A few relations between the solutions and special 
numbers are presented. 

 
Notation: 
 

nmt ,  : Polygonal number of rank n with size m 
m
np  : Pyramidal number of rank n with size m 

m
nCP  : Centered Pyramidal number of rank n with size m 

nmCP , : Centered number of rank n with size m 

nSO : Stella Octangular number of rank n  

nS  : Star number of rank n  

:nPR  Pronic number of rank n  

:nOH  Octahedral number of rank n 

 
Method of analysis: 
 
The quintic equation with five unknowns to be solved is                           

32244 )(34 Twzyx                                                                                      (1) 
The process of obtaining patterns of integral solutions to (1) are illustrated below. 
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Pattern 1 
 
Introduction of the transformations 

,vux   ,vuy   ,2 vuz  vuw  2                                                          (2) 
In (1) leads to  

322 34Tvu                                                                                                         (3) 
Let 22 baT                                                                                                        (4) 
Write 34 as   )35)(35(34 ii                                                                            (5) 
Using (4) and (5) in (3) and applying the method of factorization, define 

3))(35( ibaiivu                                                                                           (6) 
Equating real and imaginary parts we have,     










3223

3223

59153

31595

babbaav

babbaau
                                                                              (7) 

Using (7) in (2), the corresponding non-zero distinct integral solutions to (1) are  
given by  
 

22

3223

3223

3223

3223

1121337

39313

86242

22468

baT

babbaaw

babbaaz

babbaay

babbaax











    

 
Properties: 

 )8(mod068)1,()1,(4 ,3  aCPayax  

 )8(mod068)1,(8)1,(11 ,3  aCPaway  

 )8(mod0272272)1,()1,(11 ,3
5  aa tPawaz  

 )4(mod0204)1,(8)1,(11 3
1  aPaway  

 )4(mod06868)1,(8)1,(11 ,3
5  aa tPaway  

 )5(mod0102102)1,()1,(4 ,3
4  aa tPayax  

 )9(mod0306)1,(3)1,(24 ,6  aCPayaz  

 )6(mod034)1,()1,(4 ,6  aCPayax  

 )107mod(04562)1,(3)1,(24 ,4,6  aa CPCPayaz  

 )67(mod068)1,()1,(4 ,30,42
5  aaa ttPayax  

 )34(mod0204)1,()1,(4 3
1  aPayax  

 )2(mod0272)1,()1,(11 ,74,202
5  aaa ttPawaz  

 )4(mod0816)1,()1,(11 3
1  aPawaz  
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 )181(mod0272)1,()1,(11 ,274
5  aa tPawaz  

 )17(mod051)1,()1,(4 ,4  aCPayax  

 )5(mod068)1,()1,(4 ,70
5  aa tPayax  

 )3(mod068)1,(8)1,(11 ,70
5  aa tPaway  

 )36(mod0612612)1,(3)1,(24 ,3
5  aa tPayaz  

 )17(mod034)1,(8)1,(11 ,6  aCPaway  

 )89(mod0366)1,(3)1,(24 ,5,6  aa CPCPayaz  

 
 
 

Pattern 2 

 
Write 34 as  )53)(53(34 ii                                                                             (8) 

Following the procedure similar to pattern (1), the non-zero distinct integer 
solution of (1) is given by 
 

22

3223

3223

3223

3223

13339

7332111

86242

22468

baT

babbaaw

babbaaz

babbaay

babbaax











 

 
Properties: 

 )17(mod017)1,()1,(4  aSOayax  

 )8(mod068)1,()1,(4 ,3  aCPayax  

 )34(mod034),1(),1(4  aSOaayaax  

 )51(mod034)1,()1,(4 ,6  aCPayax  

 )17(mod017)1,()1,(4  aSOayax  

 )17(mod0136136)1,()1,(4 5  aa PRPaayaax  

 )2(mod034),(),(4  aSOaayaax  

 )21(mod0153),1(2),1(11  aOHbzby  

 0204),(11),(2 ,6  aCPaayaaz  

 )102(mod0408)1,(2)1,(11 ,3  aCPaazaay  

 )17(mod0204),(11),( ,8  aCPaawaaz  

 )19(mod0204)1,(7)1,(13 ,206
6  aa tPawaz  

 )11(mod096),(7),(13 ,17  aCPaawaaz  

ISSN NO : 1006-8341

PAGE NO: 146

Journal For Basic Sciences

Volume 22, Issue 11, 2022



 

 

 )136(mod0),1(11),1(  bwbz  
 
Pattern 3 
 
In addition to (8), 

Write 34 as 
25

)2711)(2711(
34

ii 
                                                                     (9) 

Following the procedure similar to Pattern:1, we have, 














]11813327[
5

1

27338111[
5

1

3223

3223

babbaav

babbaau
                                                                 (10) 

Thus, replacing a by 5Aand b by 5B in (10) the corresponding non-zero distinct 
integral solutions to (1) are given by 
 

 

22

3223

3223

3223

3223

2525

16253754875125

1075367532251225

95012002850400

40028501200950

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
Properties: 

 )19(mod010200),(8),(19 ,25  ACPAAyAAx  

 )51(mod06375)1,(19)1,(8  APRAyAx  

 )25(mod012750),(16),(5 ,20  ACPAAwAAy  

 )8(mod022500)1,(16)1,(65 ,17  ACPAwAx  

 )2(mod11062)1,(19)1,(8 ,8  AA tSAyAx  

 )2(mod0382500127500)1,1(65)1,1(16 ,3,3  AA tCPAxAw  

 010806375),(19),(8 32 ,4,4

22 
AA

ttAAyAAx  

 )2(mod0170000),1(5),1(49 ,6  ACPaawaaz  

 
Pattern 4 
 
It is worth to note that 34 may also be written as  

25

)1127)(1127(
34

ii 
                                                                                       (11) 

For this choice the corresponding non-zero distinct integral solution to (1) are 
found to be  
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22

3223

3223

3223

3223

2525

1225322536751075

12548753751625

95012002850400

40028501200950

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
Property 
 

 )5(mod018502751100)1,()1,( ,4
5  AAA tSPAyAx  

 )5(mod0217543505002450)1,()1,( ,4,3,10
5  AnAA tttPAzAy  

 )5(mod017254050150)1,()1,( ,4,3,27  AAA ttCPAzAx  

 )5(mod021004350150525)1,()1,()1,( ,34,30,3  AAAA ttCPCPAZATAw

 

Pattern 5 
 
Write (3) as  1*34 322 Tvu                                                                            (12) 

Write 1 as 
25

))43)(43( ii 
                                                                                  (13)           

 
Substituting (4), (5) and (13) in (12) and employing the factorization method, 
define 

)
5

43
())(35( 3 i

ibaiivu


                                                                           (14) 

Equating real and imaginary parts, we get 














]387929[
5

1

]298793[
5

1

3223

3223

babbaav

bbaabau
                                                                   (15) 

Using (15) in (2), we have  

























22

3223

3223

3223

3223

2525

152545751725575

137541252625875

80019502400650

65019502400800

BAT

BBAABAw

BBAABAz

BABBAAy

BBAABAx

                                                 (16) 

 
Thus, (16) represent the non-zero distinct integral solutions to (1) 
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Remark: 
 
Equation (13) may also be expressed in seven different cases that are presented 
below: 
 
Case (i) 
 

25

)34)(34(
1

ii 
                                                                                                (17) 

 
Case (ii) 
 

213

)125)(125(
1

ii 
                                                                                             (18) 

 
Case (iii) 

213

)512)(512(
1

ii 
                                                                                             (19) 

 
Case (iv) 
 

210

)86)(86(
1

ii 
                                                                                                (20) 

 
Case (v) 
 

210

)68)(68(
1

ii 
                                                                                                (21) 

 
Case (vi) 
 

215

)129)(129(
1

ii 
                                                                                            (22) 

 
Case (vii) 
 

213

)912)(912(
1

ii 
                                                                                           (23) 

 
Following the procedure as presented in Pattern.5 the corresponding non-zero 
distinct integral solutions to (1) are presented below 
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Solution for case (i) 
 

22

3223

3223

3223

3223

2525

16253754875125

1075367532251225

95012002850400

40028501200950

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 

Solution for case (ii) 

22

3223

3223

3223

3223

169169

23491491797047316393

2720926871816278957

10816436023244814534

14534324484360210816

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

Solution for case (iii) 
 

22

3223

3223

3223

3223

169169

2822314703846694901

13013765573903925519

179148112537422704

270453742811217914

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
Solution for case (iv) 
 

22

3223

3223

3223

3223

100100

1220013800366004600

1100021000330007000

640015600192005200

520019200156006400

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx
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Solution for case (v) 
 

22

3223

3223

3223

3223

100100

130003000390001000

860029400258009800

76009600228003200

32002280096007600

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
Solution for case (vi) 
 

22

3223

3223

3223

3223

225225

411754657512352515525

371257087511137523625

21600526506480017550

17550648005265021600

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
Solution for case (vii) 

22

3223

3223

3223

3223

225225

43875101251316253375

29025992258707533075

25650324007695010800

10800769503240025650

BAT

BABBAAw

BABBAAz

BABBAAy

BABBAAx











 

 
 
Conclusion 

In this paper, we have presented different choices of integer solutions to the 
quintic  equation with five unknowns 32244 )(34 Twzyx   To conclude, as 
quintic equations are rich in variety, One may consider other forms of quintic 
equations and their solutions and  corresponding properties. 
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